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1. Introduction

The plane Couette flow of a rarefied gas between two plates is
a classical problem of fluid dynamics. Its axisymmetric extension
is given by the flow between moving cylinders and is of not only
theoretical but also practical interest, e.g. movement of a long train
in a tunnel and of a torus inside a coaxial torus, etc. Assuming
that the temperatures of cylinders are equal, the solution of the
problem is defined by four parameters: Knudsen number, ratio of
radiuses and velocities of longitudinal and rotational movement.
Each of these parameters may have a significant influence on the
solution pattern.

Most of the existing literature on the kinetic analysis of the
problem is devoted to the study of Knudsen-number dependence
of macroscopic parameters of the flow in the case of pure rota-
tion for the fixed ratio of the cylinder radiuses, see e.g. [1-4]. The
influence of the sliding velocity of the inner cylinder and the ra-
tio of cylinder radiuses has so far been studied only in the case
of purely longitudinal cylindrical Couette flow [5]. Some interest-
ing effects have been observed, such as the stress maximum effect
for sufficiently large sliding velocities.

The basic goal of present work is to study the cylindrical Cou-
ette problem in the generalized formulation in which the inner
cylinder both slides along its axis and rotates. Arbitrary ratios of
cylinder radiuses are allowed. The dependence of macroscopic pa-
rameters, stresses and mass flow rates on Knudsen number and
ratio of cylinder radiuses is studied for the three flow patterns:
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pure longitudinal, pure rotational and generalized, in which the
inner cylinder both rotates and slides. The problem is investigated
in the whole range of Knudsen numbers and cylinder velocities by
solving numerically the model kinetic equation with the S-model
collision integral [6,7]. In order to achieve accurate results with
the minimal computational cost we use an implicit second-order
TVD method, conservative with the respect to the collision inte-
gral [8]. Exact analytical solutions are provided for the limiting
cases of free-molecular and continuum flows, including asymptot-
ical expressions for small and large gaps between cylinders. The
linearized equation is considered for the case of the slow move-
ment of the inner cylinder.

2. Nonlinear problem
2.1. Basic setup

We consider a steady-state rarefied monatomic gas flow be-
tween two infinite coaxial cylinders with radii r; and r,. We define
radius ratio as &€ =ry/ry < 1. The outer cylinder is at rest. The
gas flows due to the motion of the inner cylinder which travels
along the symmetry axis at a constant velocity U, and rotates
with a constant angle velocity 2. On the surfaces of the cylin-
ders a constant temperature T,, (the same for both cylinders) is
maintained. The momenta and energies of the incident molecules
are totally accommodated by the cylinder surfaces and diffusely
reflected with the equilibrium distribution functions at the given
temperature T,,. The radial gas velocity component is equal to
zero.

We introduce the cylindrical coordinate system (r, ¢, z), where
the z axis coincides with the axis of the cylinders, r is the dis-
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tance from this axis, and ¢ is the azimuthal coordinate. The ax-
isymmetric state of the rarefied gas, which is independent of z,
is determined by the molecular velocity distribution function
ft,r &, E,&), where &, & and &, are the orthogonal compo-
nents of the velocity vector in the radial, azimuthal, and axial
directions, respectively. In velocity space we also introduce a cylin-
drical coordinate system with the axis parallel to the z axis. We
will denote by ¢ the velocity component in a plane perpendicular
to the axis of the cylinders and by w the angle between this com-
ponent and the radial direction outward from the symmetry axis
so that & = ¢ cosw, &y = ¢ sinw.

The problem is studied in nondimensional variables, obtained
by normalizing the spatial coordinate r, velocity &, density n, tem-
perature T, viscosity w, heat flux q and distribution function f by
the following quantities, respectively,

5
r1, +2RTw, ng, T, EmnO\/ZnRTWAO,

mno(2RT )2, np(2RT,) 32,

Here, ng is the mean density of the gas between the cylinders:

2

no = 22 2/rn(r)dr, (1)

rs—r
P 4

m is the molecular mass, R is the gas constant, Aq is the free path
in the gas at rest with density no and temperature T,,. Although
in the nondimensional variables the radius of the inner cylinder is
equal to unity, below the notation ry is retained for convenience of
presentation. In what follows, we will denote the nondimensional
quantities by the same letters as the corresponding dimensional
ones.

2.2. S-model kinetic equation

We will assume that the distribution function f(t,r,&:,&4,%;)
satisfies the Boltzmann equation with the S-model collision op-
erator [6,7]. In the cylindrical coordinate system this equation is
written as

af gsinwﬂ_

2L — +_
;cosa)ar e v(fT =1,
- 8 nT 1
C 57 p Kn’
4 5
ff=fm (1 + (1 =PNSucy (cz - —))
5 2
n 2
fM:WeXP(—C ),
2(qr,9¢9r)
S=(5r,5¢,52)=nT73/2,
V= (vr, vy, Vz) = (&, 8p — Up, & — Uz),
c=— )
= Nk

Here, Kn = Ag/r1 is the Knudsen number, which characterizes the
degree of gas rarefaction; v is the collision frequency, Pr =2/3 is
the Prandtl number.

The number density n, gas temperature T, components of gas
velocity u = (0, ug,u;) and heat flux q = (qr, q¢.92) = (91,492, 93)
are given as the integrals of the velocity distribution function with
respect to molecular velocity:

n=[rde. = [erae. Saren? = [era
1

q:E/vvzfdg, dg = d& d&, de; = ¢ d¢ do di; (3)

For the shear stresses we have:
Prg =/Vr\/¢fd§, Prz:/Verfdg-

The boundary conditions in the problem are set as follows.
On the surface of the cylinders, we use the diffuse reflection of
molecules with complete thermal accommodation to the surface
temperature:

ni
r=ri, &>0 fi=— exp(—&7 — (5 — Up)* — (6. — U)?),

n
r=ra &<0 fy="exp(~¢* —&) (4)
where Uy = £2r1 and is taken into account that in the nondimen-

sional variables T,, = 1. Densities of reflected molecules nqy, ny are
found from the impermeability condition:

m=—2y7 [0 trdey [ Fdsydse

m=+2J7 [ &des [ fdso des.
0

In addition to the above boundary conditions, the number of
particles per unit cylinder length is assumed to be constant. In
nondimensional variables, this condition has the form ng = 1,
where the mean particle density ng is defined by (1).

2.3. Simplification of the problem
Following [9], we reduce the problem dimension by going over

from the distribution function to its integral g by means of the
formula

81 +oo ;
82 z
= = dg;.
g 23 f 522 fdg;
84 AN

The kinetic equation for g in the cylindrical coordinate system is
written as:

d i a
é_cosw_g_{smw_gz

+ _
ar r odw 2 (5)

V(g
where the components of g* are given by
(14 Z(Srer + Spcg) (¢ +c5 — 2))

1
5«/Tzsz(cf +¢5—1) +uGy

+

g =8m| 1
ST+ + SeCp)(c7 +¢5 — 1)) +2u,Gy — u3G4
3
ZT3/Zzsz(c3 +¢5) +3u;G3 — 3ulGy + u3Gy

where

gleexp(—cz—cz) Zzﬂ(l—Pr)

7T rooTer 5 ’

The expressions for macroscopic parameters (3) can be rewrit-
ten in terms of g as

n,nu § 2 2
, MUy, Nz, 2nT+nu¢—|—nuZ

T o0
= / /(g1,§¢glvgz7 g + g3)¢ d¢ dw,
-7 0



154 E.M. Shakhov, VAA. Titarev / European Journal of Mechanics B/Fluids 28 (2009) 152-169

1 T o0
r.4p) = 5 f f G ve) (87 + v§) &1 — 2uz82 + g3]¢ d¢ do,

- 0

/ / (87 +v3) (g2 — uz81) + (84 — 3u.£3)) di dow.

-7 0

N —

gz =nu} +

(6)

Note that, if |U;| > 0, the longitudinal heat flux g, is also nonzero
[10]; therefore, we have to use g4. The shear stresses Pry, Py, are

given by
T o0 T o0
Pry = / /§r§¢g1§d§ dow, Prz;= / /grngdf dw.
s 2] -7 0

Boundary conditions (4) take the following form:

r=ry, &>0
T
1 CE2 (£, _Us)2 1 5 3 3
gur = —nwre 6T (1,Uz,5+uz,5uz+zuz :
T
1 2 1
r=ry, & <O 8wz = Mw2e ¢ (1,0,5,0> (7)

with

0
nw1 =—2ﬁ/ cfrdér/gl d&y,

nw2:+2ﬁ/$rd§r/gl dgy.
0

2.4. Integral relations

Multiplying the kinetic equation (2) by &, &, and ¢2 + £2 and
integrating over the entire velocity space, we obtain the equations:

P 20, Lz lp, 0 Lyl o
dr A A L
where E; is the energy flux in the radial direction. Integration gives

three important integral relations:

I Pyy =const=A, rP;;=const=B, rE,=const=C. (8)

The constants A, B and C depend on the degree of gas rarefaction,
on the ratio of r; to ry, and on the nondimensional velocities U,
and Uy. Conditions (8) can also be used to control the accuracy of
the computations.

Interesting integral characteristics of the problem considered
are the averaged gas velocities in longitudinal and azimuthal di-
rection which with account for the normalization condition (1) are
given by the integrals

) 2

2 2
72 nugrdr, W, = 72 nu,rdr.
27N 27y

n

Wy =

The corresponding gas flow-rates per unit time
Qp=m(r; —11)Wg, Q=m(r5—r{)W..

In the classical Couette flow between parallel plates, W, = U;/2
irrespective of the Knudsen number. In the case considered, the
mean gas velocity depends on both the rarefaction degree and the
radius ratio.

3. Limiting cases
3.1. Free-molecular flow

We first study the free-molecular case Kn = oo. The kinetic
equation (5) has a general solution

8¢, w) =8 (rsinw, ¢)

where g, is an arbitrary function of its arguments the form of
which is defined by the boundary conditions. We therefore obtain
the following expressions:

—wo < W < Wo,
— T <W< —wo or wg<w<< 7,

gwi>
Ew2>

where wg = wy(r) = arcsin (r1/r); boundary values g,,;, 8, are
defined in (7); the densities of the reflected molecules n,, =n,1 =
nw2 are found from the condition (1). Density, temperature and
components of velocity are given by

g(r’ ;‘7(’()) = {

3 2 2 1 3
n 1,u¢,uz,5T—|—u¢+uz =;nW ﬂ—wo,O,O,E(n—wo)

wo 00

+lnwe*Ué//e*§2+2rU¢§5mw
g

—wo 0
1
x (1,§sina), UZ,;2+U§+§);d§dw. (9)

The expressions for the heat fluxes are quite bulky and are thus
omitted. The shear stresses are given by

(Prq)v Prz)
] wy 00
2 .
= ;nwei% / /(f sinw, Uy)e ¢ +2Ustsin0 2 cos o de do.
—wo 0

It is obvious, that in the free-molecular case density, ug and
P4 do not depend on the velocity of longitudinal movement Uy,
whereas u, and P,, are linear functions of U,. In the case of no
rotation the integrals can be evaluated exactly and we obtain [5]:

ny=n=1, u,=—~U,,
T
2(1)0 wo 2 UZ
T=1+—|1—— |Uz, B= . 10
+3n< 71) z NG (10)

3.2. Continuum regime

Another limiting case Kn — 0 corresponds to the continuum so-
lution. For small values of the cylinder velocity we can use the
incompressible Navier-Stokes equations [11]:

Puy  1duy UG d®u;  1du,
2 " rdr 2 a2 " rdr

The general solution is given by

o2
Up=oqr+-=. Uz =p Int + B2,
where unknown constants are found from the boundary condi-
tions. Once the equations are solved with the appropriate bound-
ary conditions, quantities A and B, defined in (8), are computed

according to the expressions
5 d 5 d
ST ( Ue ”"’), BNS:_—;CK (durz). (11)

Ang =
NS 16 dr r

We consider two types of boundary conditions on the cylinder sur-
faces: with and without velocity slip. We note that the solution for
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the compressible Navier-Stokes equations with velocity-slip bound-
ary conditions was obtained in [12]. In the present incompressible
case the exact solution is found trivially in the same manner as for
the non-slip boundary conditions.

3.2.1. Nonslip boundary conditions
These are the simplest conditions: the gas velocity is zero at
r=ry and r =r,. We then obtain

2.2
ri\r5—r In(ry/r
U¢:(_l>2—u¢’ u —(72/)[]2’

r )iz “7 In(ra/m)

5/7 Kn 57 Kn
Ans= YT 21y, Bys=-—Y1 2y, 12
=g 12 ¢ NS 16 Ing ° (12)

The average values of velocities in longitudinal and azimuthal
are given by

2e(e+2)

e2(1—-2lne)—1
3(e+1)2

20—¢Y)lne =

W Ns = e ZNS =
The gas flow-rates per unit time in longitudinal and azimuthal di-

rections take the following form:

2—g— g2

e2(1-2lne)—1
T—— Uy, — U
3(e+1)e

=
Qs 2e2Ine

z-

Qgp.Ns =2

In the case of the large gap between cylinders (¢ — 0) we have

Woyns~ 26Uy, Quns~ Ly
¢.NS 3 @ ¢,NS 3¢ ¢
Wz Ns ~ — Uz, Qzns~— z-

2lne 2¢21lne

In the opposite case (¢ — 1):

1
W Ns ~ §U¢, QyNs~1(1—¢e)Uy,

1
Wz Ns ~ EUZ’ Qzns (1 —-¢e)U;.

3.2.2. Velocity-slip boundary conditions

There are several variations of the slip-velocity boundary con-
ditions in the literature [12-15], all of which differ slightly in the
coefficient in front of the shear stress. We shall use the particu-
lar form from [13], which in the nondimensional variables read as
follows:

du¢ Uy

r=ri: u¢:U¢+Kn<? r)’

d d
r=ry Uy= —Kn(% — uTq)), u; = —Kn(%).

The solution is then given by

r2(ry® — rry + 2r2Kn)
Uy 3, .3 2 2\
Q3 + 1)) Kn+rira(ry —ri)r
_u In(rz/r) + Kn/ry
= ?In(ra/r1) + Kn/ri + Kn/ry

Up =

U, (13)

Explicit expressions for stresses, mass fluxes and averaged ve-
locities are obtained in the same way as for the nonslip boundary
conditions and are omitted here to save space. We remark that ob-
viously, Ans and Bys are no longer linear functions of Kn. Also,
mass fluxes and averaged velocities now depend on Kn.

4. Linearized problem

When the velocity of the inner cylinders is small (Uy, U, < 1),
the perturbations are small and the kinetic equation can be lin-
earized around the rest state. Then the main disturbances corre-
spond to the gas velocity and friction; the perturbations of pres-
sure, temperature, density and the heat flux in the radial direction
are small quantities of second order in the cylinder velocity and
can be neglected. However, the heat fluxes in the flow directions
q¢, q; are of first-order in the cylinder velocity and should there-
fore be accounted for [16,17]. Surprisingly, in the free-molecular
case Kn = oo these two fluxes are also of higher than first-order
terms in the cylinder velocity. For the plane Couette flow this fact
can be trivially shown by the exact integration of the kinetic equa-
tion [18]. It is only when the Knudsen number is finite do they
become important.

Thus, in the linear approximation density and temperature are
constant:

n=T=T,=1.
We will denote the Maxwellian function at rest with the subscript
“0” and the perturbation of the distribution function by h. Then for

the distribution function f, the locally Maxwellian function, and
the boundary condition we can write

f=fo+h), h=h@r¢ wé&), fo=)>/?exp(—£?),
f+ = fo (1 + 2upéy + 2uzE;

8 5
+ 5 (1= P @y +qzsz>(sr2 +E HER— —))

2
fwi = fo(1 +2Upép +2U2E),  fw2 = fo. (14)

Substituting expressions (14) into (2), retaining terms of the or-
der of U, Uy, and making the necessary cancellations, we obtain
the following equation for the function h:

h i h 8 1
;coswa——§51nw8—=vo(h+—h), Vo= ———,
or r  Jdw 51 Kn
h = 2upy + 2uzE,
8 5
+ 2 (1= Pty +qzsz>(sr2 +E;+E - 5>- (15)

Boundary conditions follow from (4):

r=ri, & >0: hy =2UgE +2ULE,

& <0: hyy=0.

In the linearized problem the normalization condition (1) is sat-
isfied identically.

Similar to the nonlinear case, the linearized equation (15) can
be simplified by passing from h to its integrals ¥ :

r=ry,

wl 1 00 ;
V2 / z | g2
= =— e Szhdg,.
v Y3 JT g7 &
Va4 —o\g
The resulting equation for ¥ reads
0 Zsinw oY +
oy SoMwcy —¥), 16
¢ cosw—> e V(YT —9) (16)
where
2Ll¢§¢ + quq§§'¢ ({2 — 2),
uz + ZQZ(§2 - 1)
v=

ups + Zqpks(c* — 1)

3u +32 5
JUzt 5 qz¢
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Fig. 1. Normalized shear stress A’ for Uy = U, =
linearized solution. Curves 1, 2, 3 correspond to ¢ = 0.1, 0.5, 0.9, respectively.
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0_

lllllll T T

10 100 1/Kn 1000

1/2, obtained by the nonlinear kinetic equation (5). Solid line - general movement, circles - pure rotation, crosses —

0.01 0.1 1

T IIIII I I
100 1/Kn 1000

10

Fig. 2. Normalized shear stress B’ for Uy = U, = 1/2, obtained by the nonlinear kinetic equation (5). Solid line - general movement, circles - pure sliding, crosses - linearized

solution. Curves 1, 2, 3 correspond to € =0.1, 0.5, 0.9, respectively.

The boundary conditions for ¥ are given by

T
3
r=ry, &>0: ¥, = <2U¢g¢, Uz, Upéy, EUZ) ,

r=ry, &<0: ¢¥,,=0. (17)
Components of gas velocity and shear stresses are now given
by
T o0
1 2,—¢2 .
u¢:; e Yysinwd¢ dw,
T 0

1 T 00
UZ:;//CB_Zzlffzd{da),
—T 0
P —l/
r¢—n
b4
1
Prz:_/
T

Taking into account that the shear stresses are of first order
in the cylinder velocity and thus their products with components

25"y, coswdt do. (18)
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0.01 0.1 1

10 100 1/Kn 1000

Fig. 3. Normalized mass-flow rate Q(;) for Uy = U, = 1/2, obtained by the nonlinear kinetic equation (5). Solid line - general movement, circles — pure rotation, crosses —

linearized solution. Curves 1, 2, 3 correspond to ¢ = 0.1, 0.5, 0.9, respectively.

Q,

B X

X X
I 1 I IIIIII| I I IIIIII| 1 IIIIIII I I IIIIII| I I IIIIII|
0.01 0.1 1 10 100 1/Kn 1000

Fig. 4. Normalized mass-flow rate Q for Uy = U, = 1/2, obtained by the nonlinear kinetic equation (5). Solid line - general movement, circles - pure sliding, crosses -

linearized solution. Curves 1, 2, 3 correspond to € =0.1, 0.5, 0.9, respectively.

of gas velocity can be neglected, the heat fluxes are given by the
following expressions:

5 1
Gp=—7Us+ 5 /{Vm/fa + vy — 283up ]y Je T ¢ dt do,

4
5 1 2 P _¢2
G =—uz+ 5 [ 1Va—usts + 22— waPyn e s d do. (19)

It is obvious from Eqs. (16)-(19) that the linearized problem
decomposes into two separate problems corresponding to pure ro-
tation and pure longitudinal movement of the inner cylinder. These
problems can be solve separately. Moreover, from the structure of

the boundary conditions (17) we conclude that the solutions are
linear functions of the velocity of the inner cylinder:

Y1(Ug) =Ugp1(1),
Y3(Ugp) = Uypi3(1),

Y2 (Uz) = Uz (D),
Ya(Uz) = Uzha(D). (20)

It is therefore sufficient to compute the solution for the particular
case Uy =U; =1 only; for other values of U,, Uy one can use
simple relation (20).

The free-molecular solution of the linearized problem is con-
structed in the same way as for the complete nonlinear problem.
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10 100 1/Kn

Fig. 5. Normalized shear stress A’ for Uy =1/2, U, =4, obtained by the nonlinear kinetic equation (5). Notation is as on Fig. 1.
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T T IIIIIII T T

10 100 1/Kn

IIIIIII T T

Fig. 6. Normalized shear stress B’ for Us =1/2, U, =4, obtained by the nonlinear kinetic equation (5). Notation is as on Fig. 2.

In particular, expressions for B, Q, and W, are identical to those
corresponding to the case of no rotation and are given by (10).

5. Numerical method

For intermediate Knudsen numbers 0 < Kn < oo or large veloc-
ities of the inner cylinder the solution to the problem is obtained
by solving the kinetic equation in the time-dependent form nu-
merically, by marching in time to the steady state. The numerical
method consists of a second-order implicit Godunov-type scheme
[19,20] and a special procedure of computing the macroscopic pa-
rameters in the S-model, which ensures the conservation property
with respect to the collision integral [21,22] The resulting nu-

merical method works well across the whole range of Knudsen
numbers from the free-molecular limit to the continuum regime
Kn <« 1. The implicit temporal discretization scheme used in the
method speeds up the convergence to steady state by allowing the
use of large time steps.

5.1. Implicit Godunov-type TVD scheme

We rewrite the kinetic equation for g in the following conser-
vative form [23]:

3(r)——i(rcos)
5t '8 = —p l8recosw
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Q'

9 | X

5_

1 —é
I T T IIIIIII T T IIIIIII T T IIIIII| T T IIIIIII T T
0.01 0.1 1 10 100  1/Kn

Fig. 7. Normalized mass-flow rate Q(; for Uy =1/2, U; =4, obtained by the nonlinear kinetic equation (5). Notation is as on Fig. 3.

Q,

3.4 —

0.01 0.1 1

10 100 1/Kn

Fig. 8. Normalized mass-flow rate Q, for Uy =1/2, U, =4, obtained by the nonlinear kinetic equation (5). Notation is as on Fig. 4.

9
+£(g§sinw)+rﬂ, H=v(g" —g). (21)

Let us define At =" — ", g" = g(t",r,w,¢), § =r(g"! -
g"). A fully implicit Godunov-type scheme for kinetic equation (21)
can be written in the following form [5,19,20]:

L + 9 cosw £).9 sinw+v |§=K"
At éhar r)dw o

p 3
K" =—— (1 coswg)" + - (¢ sinwg)" +rH". (22)

Next in variables r, @w we introduce a finite-volume mesh of
N; x N, cells with cell centers r;, wj; the spatial mesh is refined

toward the surfaces of the cylinders. With respect to ¢ we use
a uniform mesh with nodes &, k=0,..., N, and cell size Ag.
The range of w is divided into four subdomains depending on the
sign of the molecular velocity components &, £y: —m +mm /2 <
w < —m/2+mm/2, where m=0,..., 3. For each subdomain, the
derivatives with respect to r and w on the left-hand side of (22)
are approximated by first-order accurate upwind differences. As a
result, the distribution function at a new time level is determined
according to a running scheme. For example, for m =1 and a fixed
k the computation is performed from left to right with respect to
r according to the formula
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IIIIll T

10

T T 11T T
100 1/Kn 1000

T IIIIlIl

Fig. 9. Normalized shear stress A’ for Uy = U, = 1/2. Solid line - solution of the nonlinear kinetic equation (5), dashed line - continuum solution with non-slip boundary
conditions (12), dash-dotted line — continuum solution with velocity-slip boundary conditions (13). Curves 1, 2, 3 correspond to € = 0.1, 0.5, 0.9, respectively.

! +B
At

where

K

n
ijk

I[llllll T Illlllll

0.01 0.1 1
Fig. 10.
ijk + Cij—1x + Ui>5ijl<
= Bijki—1,jk + Cij—1,k8ij—1,k + Ky, (23)
8 —r'(g”“ _gn ) By = é'kCOSa)j C”k__{ksinwj
1JK 1 ']k l]k ’ 1JK rl _ r,_] ) 1] rlAw
n n n n
—rH — Xi+1/2,jk - Xi—l/2,jk _ Yij+1/2,k - yij—]/z,k
ik Ar; 2sin (Aw/2)

llllIlI T llllllll T llllllll
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Normalized shear stress B’ for Uy = U, = 1/2. Notation is as on Fig. 9.

The numerical fluxes through the cell boundaries are determined
by the formulas

Xi'1/2,jk = 8it1/2, jkbk COSDjTiv1/2,
Yot 2k = ~ 81248k SN @j11/2. (24)
On the surfaces of the cylinders, we set § = 0. The distribution

. . n n
function values on the boundaries of the cells 812,k Sij+12k0
used in the expression for the numerical fluxes (24), are deter-
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Fig. 11. Normalized mass-flow rate Q‘; for Uy = U, = 1/2. Notation is as on Fig. 9.
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Fig. 12. Normalized mass-flow rate Q; for Uy = U, = 1/2. Notation is as on Fig. 9.

mined by monotone piecewise-linear interpolation [24,25]. For ex-
ample, for the spatial fluxes we have

1 .
g+ EAH minmod(D;11,2, jk» Di—1/2, jk)»

coswi >0,
g?+1/2,jk = gk 11 (25)
S~ ENI‘H minmod(D; 3,2, jk, Dit1/2,jk)-

frcoswj <0

where the vector of slopes Dj 1 j is defined as

n n
8i1jk — ijk
Dijippjk=—""—"".
Tig1 —Ti

The slope limiter minmod(x, y) is given by [24,26]
1
minmod(x, y) = E(Signx + sign y) min(|x|, |y|)

and is applied to each component of the slope vector Di;1/,. The
use of (25) ensures second-order accuracy on smooth solutions and
guarantees that no spurious oscillations occur on discontinuities.

5.2. Calculation of macroscopic parameters

The description of the method is complete once we describe
the procedure of computing the macroscopic parameters in the
right-hand side. The conventional expressions assume direct ap-
proximation of (6) and can be written as
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Fig. 13. Macroscopic parameters for Uy = U; = 1/2 and Kn = 1. Solid line - nonlinear problem, dashed line - linearized solution for gas velocity, circles - pure sliding, crosses

- pure rotation. Curves 1, 2, 3 correspond to ¢ =0.1, 0.5, 0.9, respectively.

3
(n, nug, mitz, SnT + nui) = (g1.581. 82,8781+ 83) j 5kAjs

ik
1
qr.q9) = 5 Z(&r, V¢)[(Erz + vé)g1 + gz]jk{k/\jk,
Jjk

1

Qe —nuz = (&, vp)[(6 + ) (g2 — uagr)
jk
+84— 3Uzg3]jkaAjk~ (26)

Here Aj, are the weights of the quadrature formula in the ¢-w
space, which is a tensor product of the composite Simpson rule
for integrals with respect to ¢ and the second-order accurate mid-
point formula involving the distribution function values at the cell
centers wj.

It can be shown however that the use of (26) results in a
method which is not conservative with respect to the collision

integral [22], leading to less accurate results. In [23,27] the con-
servativeness of the method for the S-model equation was ensured
by correcting the function g* in the right-hand side of the ki-
netic equation. In [28,29] for the simpler Krook model, the gas
density, velocity, and temperature were found from a discrete ap-
proximation of the conservation laws. For the S-model, however,
the conservation laws are insufficient because the heat flux com-
ponents in g remain undetermined.

In the present paper the macroscopic gas parameters, involved
in gjj., are determined by a direct approximation of the conditions
used in deriving the S-model equation. A detailed explanation of
the idea for mona- and diatomic gases can be found in [21,22]. For
the present problem this results in the following nonlinear sys-
tem used for computing macroscopic gas parameters n, ug, uz, T,
dr. 94, q; at each spatial mesh r; (index i is omitted for simplic-
ity):
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Fig. 14. Macroscopic parameters for Uy = U, = 1/2 and Kn = 0.01. Notation is as on Fig. 13.

Y [Hi, Hi¢sinw, Ha, £2H1 + Hs] A ji =0,
jk
Y g v [wPHi = 2uzHy + H3] GieAjie = —(4/3)v(@r. dp),
jk
> [w?(Ha — uzHy) + Ha — 3u Hz + 2uZHy — u§H1]jk§kAjk
Jjk

=—(4/3)vq; (27)
where w? = vZ + vé +u2 and the vector H is defined in (21). Sys-
tem (27) is easily solved by Newton’s method. As the initial guess
we use the values obtained by conventional expressions (26). For

Pr =1 our method effectively reduces to [28,29] and can be there-
fore regarded as its extension.

5.3. Convergence criteria and other remarks

The criterion for the convergence to a steady-state solution is
the size of the L, norm of the residual R in the steady conserva-

tion laws. For the nonlinear equation (21) the components of the
residual are determined by numerically integrating the right-hand
side of the difference equation with respect to the molecular ve-
locity:

K;
o K1¢sinw
Ri=)" K,

k 22K+ Ks ijk

Sk A jks

where the vector K is defined in (22). Note that since the macro-
scopic parameters are computed by using (27), the integrals of
the model collision integrals vanish and we obtain the continuum
equations. Usually, the numerical solution was treated as a steady-
state one if ||R||L, <1074

The resulting numerical method has no time-step restrictions
associated with the Courant condition or the approximation of the
collision integral and as t — oo, it approximates the steady kinetic
equation to second-order accuracy. The converged steady-state so-
lution satisfies the discrete conservation laws for the density, the z-
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Fig. 15. Macroscopic parameters for Uy =1/2, U, =4 and Kn = 0.01. Notation is as on Fig. 14.

component of momentum, and energy. This property follows from
the conservativeness of the approximation to the right-hand side
of the scheme and from the midpoint formula used for evaluating
the integrals with respect to w.

The numerical method for the linearized equation (16) is con-
structed in the entirely analogous manner. Details are omitted.

6. Results

The solution of the problem depends on four parameters: Kn,
Uy, U, and ¢. For the continuum solution as well as the linearized
equations the gas flow is obtained by superposition of longitudinal
and rotational motions which depend linearly on the cylinder ve-
locity. In the case of the nonlinear kinetic equation the influences
of Uy and U, cannot in general be separated except in the free-
molecular case, in which the longitudinal motion of the cylinder
does not affect the flow characteristics corresponding to rotation:
ug, Pry. The opposite is not true: u, and P, depend in a nonlin-
ear way on Ug. One of the aims of the calculations was to study

if the above-mentioned properties of the free-molecular solution
hold for the finite Knudsen numbers as well.

All the results presented below were obtained for pu = +/T (the
hard-sphere law). The calculations were performed for the radius
ratios € =rqy/r; = 0.1, 0.5 and 0.9, which correspond to large,
moderate, and small widths of the gap between the cylinders, re-
spectively. We note that for ¢ ~ 1 it is more natural to define the
effective Knudsen number as Kny = Ag/(r2 — 1) = ¢Kn /(1 — ¢)
whereas in the opposite case € < 1 we can use Kny = Ag/r, = ¢Kn
so that

Kny <« Kn < Kn;. (28)

We remark that from the point of view of compressible gas dy-
namics the cylindrical Couette flow in the case of pure rotation of
the inner cylinder becomes unstable for sufficiently small Knud-
sen numbers and no steady solution exists. It is not entirely clear
to which extent this result can be applied to the present flow of
a rarefied gas. The linear stability of the purely rotational cylin-
drical Couette flow of a rarefied gas was recently investigated in
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[30]. Here we assume that the flow is steady in the entire range of
Knudsen numbers used in the calculations.

6.1. Shear stresses and mass-flow rates

We begin our analysis by studying the behavior normalized
shear stresses A’, B’ and mass-flow rates Q(;. QJ, which are de-
fined as the ratio of the actual value for a given Knudsen number
to its free-molecular limit. Figs. 1-4 illustrate the dependence of
shear stresses and mass flow rates on Kn for different values of
Uy and U;. The solid lines depict the general case Uy =U, =1/2.
Curves 1, 2, 3 correspond to the solution of the nonlinear kinetic
equation (5) for £ =0, 1, 0.5, 0.9, respectively. For the particular
value &€ = 1/2 we also plot by circles the profiles of A’ Q(;5 for
purely rotation (U, =0) and B’, Q} for purely longitudinal move-
ments of the inner cylinder (Uy = 0). Tables 1, 2 contain the actual
values for the particular case £ =1/2, Uy = U, =1/2, obtained by

solving the linearized and nonlinear kinetic equations, respectively.
We also tabulate the errors in fulfilling the conditions (8) defined
as

64 =max|A;/A1 — 1], dp =max|Bi/B1 — 1],
i i

8c =max|C;/Cq —1]. (29)
1

We see that overall the solution of the problem depends

strongly on the ratio of cylinder radiuses ¢. Interestingly, with a

good accuracy the normalized shear stresses have the following
properties:

A'(Kn,&,Ug,Uy) = A'(Kn, &, Uy, 0),
B'(Kn,&,Uy, U;) =B'(Kn, £,0,U,). (30)

Moreover, there is a good agreement with the linearized solu-
tion in the whole range of the Knudsen numbers. The continuum
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Table 1 Table 5

Linearized solution for € =1/2 Average velocities for the generalized Couette flow with ¢ =0.9

Kn A’ Q} B’ Q, 8a 3p Kn 100 10 1 0.1 001  0.001

100 099746 101020 099652 100680 09704  0.0549 Lin. sol., Wy/Uy 033034 033250 035119 042719 047456 0.48072
10 0.98794 1.04862 0.97024 1.05208 0.9205 0.0536 W,/U; 040347 0.40613 042450 0.46537 0.48053 0.48223
! 089096 137193 075969 ~ 127393 05709 00448  y _y,—1  w,/u, 032792 033014 034898 0.42406 047236 047876
LI DI 2400 @2 ISy OiErl OPRE W,/U, 039552 039832 041760 046108 047862 0.48068
] 005045 287012 002754 161527 06834 07286  y _4 y, =1 w,/U, 032816 03325 036062 043056 0.47054 0.47678
0.001 000524 287953 000283 161592 42159 42230

Table 2
Normalized shear stresses and mass-flow rates for the generalized Couette flow
with e=1/2, U, =Uy =1/2

Kn A Q (; B’ Q, 8a dB dc
100 0.99725 1.01048 0.99645 1.00591 1.0054 0.0455 0.2095
10 0.98890 1.04979 0.97199 1.05467 0.9589 0.0420 0.2097
1 0.89101 137107 0.76355 129503 0.6146 0.0504 0.2497
0.1 0.37530 242876 0.22657 1.60214 0.1383  0.0930 0.4572
0.01 0.05060 2.86795 0.02763  1.66287 13834 0.8481 1.9057

0.001 0.00538 2.87961 0.00286 166389 6.6706 5.8933 6.3792

Table 3
Normalized shear stresses and mass-flow rates for the generalized Couette flow
with e =1/2, U; =4, Uy =1/2

Kn Results Errors
A Q, B’ Q; 8 35 ac
100 1.00547  1.02477  1.00298  1.01119 17685  0.0750  0.0792
30 1.02017 1.04421  1.01035  1.02775 17097 0.0752  0.0795
10 105228 1.09126  1.02189 106500 15707 0.0754 0.0803
3 1.10215 120336  1.00932 113921 1.2458  0.0722  0.0782
1 1.08895 139496  0.88828 1.23205 0.7318  0.0653  0.0735
0.3 0.87598  1.80914  0.59146  1.36899 0.1404 0.0844  0.0971
0.1 0.50904 2.33271 029824 150889 0.3011 0.2600 0.3104
0.03 018902 266396 0.10393 1.59310 0.8722 17805  2.1666
0.01 006435 274987 0.03398 1.61656  3.9625 74267  9.1973
Table 4

Normalized shear stresses and mass-flow rates for the generalized Couette flow
with e=1/2, U, =7, Us=1/2

Kn Results Errors
A Qj B’ Q) 3a 3B 3¢

100 1.01642 1.03369 101226  1.01418 17545 0.0748  0.0762
30 1.05307 106659 1.03759 103663 16759 0.0754  0.0768
10 113098 113520 108380 1.07751 15102  0.0756  0.0773
3 125807 125055  1.11990 112615 11258  0.0738  0.0758
1 130722 138021 1.02926 115630  0.5441 0.0718  0.0740
0.3 112023 1.71783 0.73677 126054  0.0947 01283  0.1338
0.1 0.68319 223929 0.39314 142865 0.3493 0.8229 0.8714
0.03 024989 2.58048 0.13348 1.54037 4.1736 78059  8.3036

solution is close to the kinetic one for small effective Knudsen
numbers, defined in (28). Dependence of mass flow rate on the
cylinder movement is more complex. Similar to shear stresses, the
normalized mass-flow in the azimuthal direction Qéﬁ is not influ-
enced by the value of U;; nonlinear and linearized solutions agree
reasonably well. However, the normalized mass-flow rate in the
longitudinal direction Q} depends on the rotation velocity of the
inner cylinder, especially for small & and Kn. Since in the linearized
problem rotation and longitudinal movement of the cylinder do
not influence each other, the linearized solution for Q} coincides
with the nonlinear solution in the case Uy = 0 but differs from
the nonlinear solution for the spiral movement. We also note, that
the normalized mass-flow rates seem to approach a limiting value
as Kn — 0 (within the numerical accuracy) for both linearized and
nonlinear solutions.

The increase of U, leads to strong nonlinearity of the solu-
tion. Figs. 5, 6 illustrate the same quantities as in Figs. 1-4 but for
U; =4, Uy =1/2. Values of normalized mass-flow rates and shear

W;/U, 039575 0.4004 0.42519 0.45900 0.47562 0.47998

stresses are given in Table 3. The most significant difference from
the previous case is the appearance of the stress maximum effect
in both longitudinal and azimuthal directions: with decrease in the
Knudsen number, A’, B’ first increase and then begin to fall. We
remark that for the plane Couette flow the stress maximum effect
was first observed in [18]. The appearance of the stress-maximum
effect in the azimuthal direction shows a rather strong coupling
of rotation and longitudinal movements in the nonlinear problem.
Recall, that for Uy = U, = 1/2 the longitudinal movement of the
inner cylinder virtually does not affect the stress and mass-flow
rate in azimuthal direction. Interestingly, the maximum in A’ is
much more pronounced than in B’ and is achieved for smaller
Knudsen numbers. Further increase in U, leads to a more pro-
nounced stress-maximum effect, see Table 4. The calculated value
of A’ exceeds its free-molecular value by approximately 30%.

On the other hand, the normalized mass-flow rates in both lon-
gitudinal and azimuthal directions decrease with growing U,. Note,
that in the free-molecular case the actual (not normalized) value
of Q4 does not depend on U, whereas Q; is a linear function of
U;. See Eq. (9). Therefore, the increase in U, leads to the moder-
ate decrease in the azimuthal mass-flow rate and a large increase
in the longitudinal mass-flow rate.

The general nonlinear solution for shear stresses differs from
both linearized and purely rotational/longitudinal movement at all
Knudsen numbers. On the other hand, the dependencies of the
mass flow rates on Kn and ¢, shown in Figs. 5, 6 are qualitatively
similar to those plotted in Figs. 1-4 and for ¢ > 1/2 agree well
with the linearized solution, even though the velocity of the inner
cylinder is large.

Average flow velocities for ¢ = 0.9 are tabulated in Table 5. We
observe that as the Knudsen number decreases, both velocities ap-
proach the values Uy/2, U./2, respectively, which are predicted
by the classical Couette flow between parallel plates. The same ap-
plies to the continuum solution. We also note that for all Knudsen
numbers the average velocities depend almost linearly on the ve-
locity of the inner cylinder and thus can be computed accurately
from the solution of the linearized problem with reasonable accu-
racy.

Figs. 9, 10 show the comparisons of normalized shear stresses
from the solution of the nonlinear kinetic equation and the incom-
pressible continuum solution with both types of the boundary con-
ditions. Overall, reasonable agreement is observed for sufficiently
small Kn numbers only. The use of the velocity-slip boundary con-
ditions gives only moderate improvement for all cases except the
B’ profile for ¢ = 0.9. For the latter case the continuum solution
(13) is surprisingly accurate in the entire range of Knudsen num-
bers. Figs. 11, 12 show the results for normalized mass flow rates.
Reasonable agreement exists for small Kn numbers and not very
small values of ¢. As before, the use of the velocity-slip bound-
ary conditions improves the results somewhat, most visibly for
e = 0.1, but the quantitative error for moderate and high Knud-
sen numbers remains large.

We have also carried out a comparative study for the case of
the large sliding velocity of the inner cylinder. The overall outcome
of this study is very similar to the case of Uy = U, =1/2. In par-
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Fig. 18. Generalized movement of the inner cylinder with Uy =U; =1/2. r — w plots of g; for ¢ =1/8, Kn =0.1 (left) and Kn = 0.01 (right).

ticular, the highly nonlinear stress maximum effect is not captured
at all by the continuum equations. The results are omitted.

6.2. Macroscopic parameters

We now study the dependence of gas macroscopic parameters
on ¢ and movement of the inner cylinder. Fig. 13 illustrates the
distributions of density, velocities and temperature as functions
of reduced spatial coordinate x = (r — r1)/(r, —r1) for Kn =1,
U,=1/2, Uy =1/2 and different ¢, obtained by solving both non-
linear and linearized Kinetic equations Solid lines correspond to
the solution of the nonlinear kinetic equation, circles show the
case of pure rotation, triangles — pure longitudinal flow. Curves 1,
2, 3 correspond to € = 0.1, 0.5, 0.9. We can see a strong depen-
dence of the profiles on € as well as on the type of the cylinder
movement. The gas velocity is not sensitive to the latter factor; the
linearized solution for velocity agrees well with the nonlinear one.

Fig. 14 illustrates the distributions of density, velocities and
temperature fir Kn = 0.01; all other parameters are the same as on
Fig. 13. Similar to Fig. 13, the main observation is that all macro-
scopic quantities depend strongly on ¢. Density and temperature
are also very sensitive to the type of the movement of the inner
cylinder. We again see good agreement between the nonlinear and
linearized solutions.

Fig. 15 depicts density, velocities and temperature of the gas
for the case of large sliding velocity of the inner cylinder U, =4,
Uy =1/2 and a small Knudsen number Kn = 0.01. We see that
the density and temperature distributions are almost entirely de-
fined by the value of U, > 1; the influence of rotation of the inner
cylinder is small. On the other hand, the qualitative behavior of ve-
locity profiles coincides completely with that shown on Figs. 14 for
U;=Ugy =1/2 and is well described by the linearized equation.

Fig. 16 shows the behavior of heat fluxes for different Knud-
sen numbers for the case Uy = U, =1/2, ¢ =1/2. We see that the
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heat flux in the radial direction is the largest whereas two other
fluxes are much smaller and diminish rapidly as Kn decreases; for
Kn =0.01 they are visible only in the Knudsen layers near the sur-
faces.

We have also found that the type of movement of the inner
cylinder (general, pure sliding or pure rotation) influences all three
components of the heat flux quite significantly. The corresponding
results are omitted to save space.

6.3. Velocity distribution function

We now study the influence of the Knudsen number on the
velocity distribution function. We first consider the case of moder-
ate values of both velocity of the inner cylinder U, = Uy =1/2
and ratio of cylinder radiuses ¢ = 1/2. On Figs. 18-20 we plot
the surface of gq(r,¢,¢) for ¢ =0.125, 2.125 and a sequence of

Knudsen numbers Kn =100, 1, 0.1 and 0.01. While studying these
plots it is important to remember that the decay of discontinu-
ities of the of the velocity distribution functions is proportional to
exp(—s/ss), where s is the coordinate along the characteristic and
S« = ¢ /v ~ ¢ Kn. Therefore, for large ¢ (fast molecules) the discon-
tinuities decay much slower than for small ¢ (slow molecules).

As is expected, for the large Knudsen number Kn = 100 the dis-
continuities of the velocity distribution dominate; it is also clear
that the behavior of g; depends quite strongly on ¢. As the Knud-
sen number is decreased to the transitional value Kn = 1, the
distribution function is almost smooth for small ¢. For large ¢
the discontinuities are still present but decay with r. Finally, for
Kn =0.1 and Kn = 0.01 the distribution function appears to be
smooth for all ¢; we also see the formation of the boundary layer
close to the surface of the inner cylinder; it is however quite small
for the given value of U,.
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As the sliding velocity of the inner cylinder increases, the qual-
itative behavior of the distribution function does not change with
one exception: for small Kn we observe the formation of a stronger
boundary layer near the inner cylinder. The results are omitted.

7. Conclusions

We have studied the cylindrical Couette flow of a rarefied gas
in the generalized formulation when the inner cylinder not only
rotates but also slides along its axis. Our study included the analy-
sis of the limiting cases in which the linearized kinetic equation or
incompressible Navier-Stokes equations apply. For arbitrary Knud-
sen numbers or large velocities the problem has been studied on
the basis of the full nonlinear model kinetic equation by using a
second order accurate non-oscillatory method, conservative with
respect to the collision integral.

We have analyzed the influence of four main problem pa-
rameters: Knudsen number, cylinder velocities as well as ratio of
radiuses on shear stresses, mass flow rates and distribution of
macroscopic parameters. The main results can be summarized as
follows:

e The flow pattern depends strongly on the ratio of cylinder ra-
diuses and the velocity of the inner cylinder.

e For moderate velocity of the inner cylinder shear stresses and
mass flow rates in the azimuthal direction do not depend on
the longitudinal movement.

e For large longitudinal velocities of the inner cylinder a stress
maximum effect is observed not only in the longitudinal di-
rection, but also in the azimuthal one despite the fact that the
rotational velocity remains relatively small.

e The increase in the longitudinal velocity of the inner cylinder
influences the normalized mass-flow rates in both longitudinal
and azimuthal directions.

e The range of applicability of linearized and continuum so-
lutions has been identified for both integral quantities and
macroscopic variables.

e The behavior of the velocity distribution function depends sig-
nificantly on Knudsen numbers and molecular velocities.
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